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ABSTRACT
Studying sound propagation in Arctic environments has been a challenge for many dis-
ciplines, where it is essential to marine mammal conservation studies, oil exploration, naval
studies, and many other fields. The Arctic environment involves a finite elastic ice layer as
the upper boundary of the ocean acoustic waveguide and an elastic half-space seafloor as the
lower boundary. An analytic normal mode solution for the problem of ocean acoustic prop-
agation in this waveguide is found and then simulated numerically. The solution is benched
marked against a parabolic equation solution for the case of a sound source in the water. A
solution to the elastic sandwich problem is then found and computed for when the source is
located in the ice layer to simulate ice cracking.
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“Underwater acousticians and acoustical oceanographers have used sound as the premier
tool to determine the detailed characteristics of physical and biological bodies and processes
at sea.”- H. Medwin [1].
Ocean acoustics is an important field of study to many disciplines including oil ex-
ploration, marine mammal conservation, and naval studies. Sound travels effectively and
uniquely through water. Since electromagnetic waves do not travel far underwater, in the
ocean, sound is used to locate and identify objects. Sound is a mechanical disturbance that
can travel through a fluid or an elastic medium [1]. In other words, sound is an oscillation of
pressure. The disturbance could be a quick pulse or a continuous wave oscillation [1]. Wave
theory will be used here to discuss the propagation of sound in the ocean.
In general acoustic energy will travel through a waveguide and in this case the waveguide
is assumed to be the ocean. The sound speed in the ocean will be denoted as c in meters
per second. The sound speed depends on the temperature, T , in degrees centigrade, salinity,
S, in parts per thousand, and ocean depth, z, in meters. An expression that describes this
dependence is [2]
c(z) = 1449.2 + 4.6T − 0.055T 2 + 0.00029T 3 + (1.34− 0.01T )(S − 35) + 0.016z. (1.1)
From equation (1.1), the speed of sound increases as temperature, salinity, and depth in-
crease. The dependence of sound speed on the temperature, salinity, and depth creates
a minimum sound speed in the ocean [3]. The propagating sound will bend towards the
minimum sound speed. This property creates a channel in which sound will travel for long
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distances without encountering losses at the sea surface or the seafloor. This channel is
known as the SOFAR (SOund Fixing And Ranging) or deep sound channel. For these rea-
sons, sound is used for communications, tomography, and tracking in the ocean. When the
sound wave interacts with the ocean’s surface or the ocean floor, there will be transmission
loss. The ocean’s surface and the ocean floor will be the boundaries of the waveguide. Be-
cause of these conditions, in the deep ocean, the temperature and salinity are not affected
as much as the temperature and salinity near the surface, hence, near the surface, the sound
speed is impacted by weather and other factors. See Figure 1.1. for a depiction of typical
sound speed profiles.
Figure 1.1: Sound speed profile for the ocean and the Arctic. [2].
In Arctic environments, a layer of ice may cover the surface of the ocean, and therefore
affect the water, and hence the sound speed, near the surface. Note in Figure 1.1 that the
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minimum speed occurs at the sea surface and therefore the SOFAR channel does not exist
in the Arctic. The location of the minimum sound speed at the surface of the fluid causes
the acoustic energy to refract upwards. For simplicity, in this paper, sound speed will be
assumed to be constant. Dealing with variable sound speed is not a trivial problem for even
the simplest of waveguides.
Although complications due to near surface variance are no longer applicable, the layer of
ice complicates acoustics in other ways. The jagged underside of the ice can cause scattering
of sound waves, as depicted in Figure 1.2. In fact, at high frequencies, this poses a problem,
and hence, in this paper, low frequency (f < 100 Hz) sound propagation will be assumed
[4]. In part, because of this assumption, the underside of the ice will also be assumed to be
flat.
Figure 1.2: High frequency scattering in the arctic. [5].
As a result of the ice cover in the Arctic upper refracting sound waves will interact
with the ice and will affect sound propagation. Additionally, acoustics can interact with
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the seafloor. This particular waveguide is considered to be heterogeneous. Each layer has
constant densities and sound speeds. An accurate model is needed to represent this environ-
ment. This paper will explore the elastic sandwich problem where the ice cover affects sound
propagation: the elastic sandwich problem involves a heterogeneous waveguide in which the
sea surface is bounded by an elastic-solid ice layer and the seafloor is bounded by an elastic-
solid half-space.
First, a general solution to the acoustic propagation problem will be found. The gen-
eral solution will be applied using different boundary conditions representative of different
acoustic environments. The first boundary conditions considered will be those for the ideal
fluid waveguide with perfectly reflecting boundaries. The ideal fluid waveguide will then be
expanded to describe a modified Pekeris and the elastic Pekeris waveguides. These results
will then be expanded to Arctic environments where both the ice and the seafloor will be




The first problem to consider is that of a compressional wave point source from which
sound will propagate outward. The range is assumed to be infinite and therefore incoming
waves are not considered since there are no backscatterers nor energy coming in from infinity.
The z-axis is oriented in the downward direction. The ocean is bounded by the sea surface
at z = 0 and the seafloor at z = H. A spherical point source is located at r = 0, at depth zs,
with strength Sω =
−4π
ρ1ω2
, where ρ1 is the density of the fluid and ω is the angular frequency.
See Figure 2.1.
Figure 2.1: The enviroment for the ideal fluid waveguide. A spherical point source is located
at z = zs, r = 0.
2.1 Introduction to Background
The range r is assumed to be much larger than depth z so as the wave moves away
from the source, it will quickly become a cylindrically spreading wave. As a result of this
geometric consideration, cylindrical coordinates are used. Assume that the speed of sound
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in the medium, c, is constant, and that the density, ρ1, is also constant.
We seek the displacement potential φ(r, z, θ, t), as a solution to the Helmholtz equation.
First, it will be assumed that the source is time harmonic of the form, e−iωt, and therefore the
time-independent (frequency-domain) problem can be considered. Next, assume azimuthal
symmetry, i.e. rotational symmetry about the z-axis, and therefore the problem does not
depend on θ. This gives the two-dimensional Helmholtz equation,
∇2φ(r, z) + k2φ(r, z) = 0, (2.1)









is the Laplacian operator.
Since the Helmholtz equation has a separable solution in this range-independent enviro-
ment, we will use the method of separation of variables to solve the equation [6]. Assume a
separable solution,
φ(r, z; kr) = R(r; kr)Z(z; kr), (2.2)




R′Z +R′′Z + k2RZ = 0. (2.3)










which must be equal to a constant, −k2r , say. Here kr is the horizontal wavenumber. The R
and Z equations are considered separately, where the R equation gives what is referred to
as the range-dependent solution and the Z equation gives the depth-dependent solution.
Consider the R-equation:
rR′′ +R′ + rk2rR = 0.
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This differential equation is the Bessel differential equation and has solutions in terms of
Bessel functions of the first and second kinds. These solutions can be expressed in terms of
Hankel Functions:
R(r; kr) = C1H
(1)





0 is the Hankel function of the first kind and H
(2)
0 is the Hankel function of the
second kind, and, C1 and C2 are constants. These functions represent outgoing and incoming
waves, respectively. As stated above, waves are not coming in from infinity and therefore it
is only necessary to consider the case of the Hankel function of the first kind, i.e. C2 = 0.
Now consider the Z equation:
Z ′′ + Z(k2 − k2r) = 0.
This differential equation has solutions of the form:






where A and B are constants. This solution is in terms of a horizontal wavenumber, kr.










where J0 is the Bessel function of the first kind. This transform pair can be simplified and
written in terms of the Hankel function [7]. To do this, write the Bessel function in terms







0 (krr)]. The Hankel function H
(2)
0 (krr) can


















































0 (krr)kr dkr. (2.7)
Using the Hankel transform, the dependence on r is transformed to dependence on kr.
This will give a formal solution φ(kr, z) to the depth-separated problem in terms of a Green’s
function, gω, and the homogeneous solution, Hω with unknown amplitudes,









Here, A and B are the unknown amplitudes which are determined using boundary conditions.
In the following sections, various boundary conditions will be explored. The framework of
the problem will remain the same throughout, however, alternative boundary and interface
conditions will change the solution. Before studying the elastic sandwich problem, different
cases such as the Pekeris and the elastic Pekeris waveguides will be explored, starting with
the ideal fluid waveguide.
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2.2 Ideal Fluid Waveguide
The first set of boundary conditions to be examined will be the case of the ideal fluid
waveguide problem. This problem involves a rigid wall boundary at the sea-seafloor interface
(z = H) and a pressure release boundary at the sea surface (z = 0):
φ̂(kr, 0) = 0 (2.11)
∂φ̂
∂z
(kr, H) = 0. (2.12)
These conditions are perfectly reflecting in an acoustic environment. Applying these condi-









This forms a 2 by 2 system which can be solved for A and B.




eikz |z−zs| cos(kzH)− eikz(z+zs) cos(kzH) + 2 sin(kz(z +H)) sin(kzzs)
cos(kzH)
(2.13)
Note that the solution has singularities at cos(kzH) = 0. The equation cos(kzH) = 0 is




, m = 1, 2, ... . (2.14)








0 (krr)kr dkr, (2.15)
is used to find the solution.
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Since the integral has poles, it can be evaluated using Cauchy’s residue theorem. Cauchy’s
Residue Theorem states that if a function f(z) has isolated singularity points, then∮
γ
f(z) dz = 2πi
∑
Res(f, ak),
where the ak give the singularities contained in the domain γ [8]. The poles are simple and
are given by equation (2.14). Due to the radiation condition, only the poles corresponding
to outgoing and exponentially decaying waves will be considered. The contour, therefore,











where the krm are given by
krm =
√
k2 − k2zm, m = 1, 2, ... , (2.17)
and krm are refered to as modal horizontal wave numbers.
2.3 Modified Pekeris Waveguide
The case of the ideal fluid waveguide involves conditions in which the sea floor and sur-
face are perfectly reflecting. These boundary conditions involve no transmission loss and
therefore more realistic models are needed in order to describe the sound waves in the Arctic
sea. The Pekeris waveguide was created by Chaim Pekeris. Pekeris is considered a pioneer in
ocean waveguide theory [9]. In the Pekeris waveguide, the sea-floor boundary is penetrable.
It is assumed that the sea surface, z = 0, is a pressure release surface. The sea floor is as-
sumed to be bounded by an infinite fluid half-space with a different density. The case of the
Pekeris waveguide is a very important step to understanding the elastic sandwich problem.
This paper, however, will talk about the modified Pekeris waveguide since this situation is
10
more applicable to the elastic sandwich problem.
The modified Pekeris waveguide is a heterogeneous waveguide with three different fluid
layers. The sea is bounded below at z = H by an infinite fluid half-space of a different
density and bounded above at z = 0 by a finite fluid layer of thickness h and of a different
density. The top of the ice will be bounded above at z = −h by a pressure release surface.
See Figure 2.2. As a result of the different densities and material properties, the sound speed
will vary from layer to layer. It is assumed that the sea has the same acoustic properties as
in the ideal fluid waveguide with sound speed c1 and constant density ρ1. The seafloor is a
fluid half-space with sound speed c2 and density ρ2. The ice layer is of finite thickness with
sound speed c3 and density ρ3.
Figure 2.2: A depiction of the modified Pekeris waveguide. The sea is bounded below by an
infinite fluid half-space and above by a finite fluid layer.
As in the ideal fluid waveguide, cylindrical coordinates are used and azimuthal symmetry
assumed to reduce the dimensions of the problem to r and z. The z-axis will be oriented in









number in the sea), k2 =
ω
c2




compressional wave number in the ice). The potentials are given by:




∇2φ2 + k22φ2 = 0, (2.19)
∇2φ3 + k23φ3 = 0, (2.20)
for φ1 the compressional potential in the sea, φ2 the compressional potential in the seafloor,
and φ3 the compressional potential in the ice.



























The boundary conditions are pressure release at the surface of the ice, z = −h. At the
ice-sea interface and the sea-seafloor interface, vertical particle displacement and pressure
must be continuous. Mathematically, these conditions are
φ̂3(kr,−h) = 0, (2.24)





















+ Aeikz,1z +Be−ikz,1z, (2.29)
φ̂2(kr, z) = Ce
ikz,2(z−H), (2.30)
φ̂3(kr, z) = De
ikz,3(z+h) + Ee−ikz,3(z+h), (2.31)
where A,B,C,D and E are amplitude coefficients that are dependent on the horizontal
wavenumber, kr. The vertical wavenumbers are given by
k2z,i = k
2
i − k2r , for i = 1, 2, 3. (2.32)
Boundary conditions are used to solve for the amplitudes. Using equations (2.24) to




0 0 0 e−ikz,3h eikz,3h
1 1 0 −d3 −d3
kz,1 −kz,1 0 −kz,3 kz,3
eikz,1H e−ikz,1H −d2 0 0
kz,1e









b = − Sω
4πikz,1
[






, i = 2, 3.
When the determinant of matrix M vanishes, the system has singularities. This happens
when
tan(kz,1H) =
d2kz,1kz,3 cos(kz,3h)− id3kz,1kz,2 sin(kz,3h)
ikz,2kz,3 cos(kz,3h) + d2d3k2z,1 sin(kz,3h)
. (2.36)
Equation (2.36) is the characteristic equation to the modified Pekeris waveguide problem.

































0 (rkr)kr dkr, (2.39)
where
A1 =− ikz,2kz,3 sin(kz,1(H − zs)) cos(kz,3h) + d3kz,1kz,2 sin(kz,1(H − zs)) sin(kz,3h)
+ id2d3k
2
z,1 cos(kz,1(H − zs)) sin(kz,3h) + d2kz,1kz,3 cos(kz,1(H − zs)) cos(kz,3h),
A2 = d3kz,1 sin(kz,3h) cos(kz,1zs) + kz,3 sin(kz,1zs) cos(kz,3h),
A3 = d2kz,1 cos(kz,1(H − zs))− ikz,2 sin(kz,1(H − zs)),
and
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B1 =d3kz,1kz,2 cos(kz,1zs) sin(kz,3h)− d2d3k2z,1 cos(kz,1zs)− d2kz,1kz,3 sin(kz,1zs) cos(kz,3h)
+ kz,2kz,3 sin(kz,1zs) cos(kz,3h).
The inverse Hankel transform and the residue theorem are used to find the modal sum


























Â = ikz,2kz,3 cos(kz,3h) sin
2(kz,1H)− d2kz,1kz,3 cos(kz,3h) cos(kz,1H) sin(kz,1H),
and
B̂ = ikz,2kz,3 cos(kz,3h) cos(kz,1H) sin(kz,1H)− d2kz,1kz,3 cos(kz,3h) cos2(kz,1H),























































z,2 , and k
(n)




r , which solves the characteristic equation (2.36) [5].
2.4 Elastic Pekeris Waveguide
This section will discuss the elastic Pekeris waveguide since this situation is more ap-
plicable to the elastic sandwich problem. The focus will be on the Green’s function source
representation and solution derivation for the elastic Pekeris waveguide problem, developed
by McCollom [10]. When considering elastic media, we must also take into account shear
waves along with the compressional waves. The shear waves, also known as distortional
waves [11], significantly complicate the problem. The particle motion in a compressional
wave is along the direction of propagation whereas in a shear wave, the particle motion is
perpendicular to the direction of propagation [12].
The elastic Pekeris waveguide problem assumes a pressure release surface at z = 0, but
instead of a fluid half-space bounding the seafloor at z = H, the sea-floor is bounded by
an elastic-solid half-space. Assume that the sea has the same acoustic properties as in the
ideal fluid waveguide with sound speed c1 and constant density ρ1. The seafloor is an elas-
tic half-space with compressional wave speed c2, shear wave speed cs, and constant density
ρ2. Again, cylindrical coordinates are used and azimuthal symmetry assumed to reduce the
dimensions of the problem to r and z. The z-axis will be oriented in the positive downward












wave number in the elastic layer), and ks =
ω
cs
(the shear wave number in the elastic layer).
The problem will be solved in terms of the compressional and shear potentials, represented
by φ(r, z) and ψ(r, z). Specifically, φ1 will be solved for in the fluid layer, φ2 will be solved
16
Figure 2.3: The waveguide for the elastic Pekeris waveguide. The seafloor is bounded by an
infinite elastic half-space.
for in the elastic layer, and ψ2 will be solved for in the elastic layer. The potentials must
satisfy the Helmholtz equations,




∇2φ2 + k22φ2 = 0, (2.41)
∇2ψ2 + k2sψ2 = 0. (2.42)




























In the both materials, horizontal and vertical displacements are represented by ui and





















The boundary conditions are pressure release at the sea surface, z = 0, and at the seafloor,
z = H, the vertical displacement must be continuous and well as the normal stress. There
must also be zero tangential stress at the seafloor interface. Mathematically, these are
φ̂1 = 0 at z = 0, (2.47)
w1 = w2 at z = H, (2.48)
(σzz)1 = (σzz)2 at z = H, (2.49)
(σzr)2 = 0 at z = H, (2.50)
where












where λ and µ are Lamé constants that relate the elastic stress to the strain. The Lamé


















+ Aeikz,1z +Be−ikz,1z, (2.51)
φ̂2(kr, z) = Ce
ikz,2(z−H), (2.52)
and
ψ̂2(kr, z) = De
ikz,s(z−H), (2.53)
where A,B,C, and D are amplitude coefficients, that are dependent on the horizontal
wavenumber, kr. The vertical wavenumbers are given by
k2z,1 = k
2





k2r − k2j , |kr| > kj√
k2j − k2r , |kr| < kj
for j = 2, s, (2.55)
where the kz,j are defined using the square root function in the complex plane.
Boundary conditions are used to solve for the amplitudes. Using equations (2.46) to




1 1 0 0
ikz,1e





r − ρ2ω2) 2iµ2k2rkz,s




























r − k2s)] = 0. (2.59)
Equation (2.4.21) is the characteristic equation to the problem.












r − k2s)2][i sin (kz,1(z + zs −H) + eikz,1H cos (kz,1(z − zs))]
4πf(kr)
− Sωρ1ω
2k2skz,2[cos (kz,1(z + zs −H))− eikk,1(z−zs)]
4πkz,1f(kr)
, (2.59)
φ̂2(kr, z) = −
Sωρ1ω




















The inverse Hankel transform and the residue theorem will now be used to find the modal































2 − k2s)2][i sin(k
(n)































































z,2 , and k
(n)
z,s , in terms of the nth horizontal wavenum-
ber, k
(n)
r , which solves the characteristic equation (2.58), and f ′(kr) is the first derivative of
f(kr) with respect to kr.
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CHAPTER 3
THE ELASTIC SANDWICH PROBLEM
In order to more accurately model acoustic propagation in the Arctic sea, the elastic
sandwich problem is considered. This problem involves an elastic ice layer in which the top
is bounded by a pressure release surface, under which is a fluid layer, and an elastic half-
space as the bottom.
3.1 Source in the Fluid Layer
The set up for the elastic sandwich problem will be similar to the elastic Pekeris waveguide
problem. The z-axis will again be oriented in the positive downward direction. The top of
the ice layer is at z = −h, the ice-sea interface is at z = 0, and the sea-seafloor interface is at
z = H. A point source is located in the fluid layer at z = zs and r = 0. See Figure 3.1. The
point source will have source strength Sω =
−4π
ρ1ω2
, where ρ1 is the density of the fluid, and ω
is the angular frequency of the sound wave. The source is time harmonic with dependence
e−iωt. Azimuthal symmetry is assumed.
Similar to the elastic Pekeris waveguide, the relationships between the vertical and hori-


































where ui and wi, i = 1, 2, 3, are the horizontal and vertical displacements, and ks,j, j = 2, 3
are wavenumbers due to shear waves. Here, ks,2 and ks,3 only occur in the solid bottom and
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Figure 3.1: The waveguide for the elastic sandwich problem. The seafloor is bounded by an
infinite elastic half-space and the sea surface is bounded by a finite elastic layer.
the ice layer.
Each potential is a solution to the Helmholtz equation. In the fluid layer, φ1 is the
potential corresponding to the compressional wave. In the elastic layers, there exist both
compressional and shear waves. In the bottom layer, φ2 corresponds to compressional waves
and ψ2 corresponds to shear waves. In the ice layer, φ3 corresponds to compressional waves
and ψ3 corresponds to shear waves. The corresponding Helmholtz equations are




∇2φ2(r, z) + k22φ2(r, z) = 0, (3.3)
∇2ψ2(r, z) + k2s,2ψ2(r, z) = 0. (3.4)
∇2φ3(r, z) + k23φ3(r, z) = 0, (3.5)
and
∇2ψ3(r, z) + k2s,3ψ3(r, z) = 0, (3.6)
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for k1, k2, k3, the compressional wavenumbers.










































Boundary conditions require a zero traction surface at the air-ice interface. At both
the ice-sea interface and the sea-seafloor interface, continuity of vertical displacement of
particles and normal stress is required. Zero tangential stress at the ice-sea interface and the
sea-seafloor interface is required. Mathematically, these conditions are
w1 = w2 at z = H, (3.12)
(σzz)1 = (σzz)2 at z = H, (3.13)
(σzr)2 = 0 at z = H, (3.14)
w1 = w3 at z = 0, (3.15)
(σzz)1 = (σzz)3 at z = 0, (3.16)
(σzr)3 = 0 at z = 0, (3.17)
(σzz)3 = 0 at z = −h, (3.18)
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(σzr)3 = 0 at z = −h, (3.19)
where






















, j = 2, 3.
Since the elastic sandwich problem solution will be used to compute a numerical solution,
certain steps must be taken in order to make sure the scheme is stable. As a result of the
complexity of the problem caused by the different layers of materials, to avoid instability
when |kr| > k1 and |kr| > k3, shifts will be made in the potentials to avoid exponential
growth in the evanescent regime [2]. As the point source is assumed in the fluid layer, the






+ Aeikz,1z +Beikz,1(H−z), (3.20)
φ̂2(kr, z) = Ce
ikz,2z, (3.21)
ψ̂2(kr, z) = De
ikz,s,2z, (3.22)
φ̂3(kr, z) = Ee
ikz,3(z+h) + Feikz,3(h−z), (3.23)
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ψ̂3(kr, z) = Ge
ikz,s,3(z+h) + H̃eikz,s,3(h−z), (3.24)
where A,B,C,D,E, F,G, and H̃ are the amplitude coefficients that depend on the horizontal
wavenumber kr. The vertical wavenumbers, which also depend on kr, are given by
k2z,l = k
2





k2r − k2j , |kr| > kj√
k2j − k2r , |kr| < kj
for j = 2; s, 2;
where the kz,j are defined using the square root function in the complex plane.
Using the displacement potentials, equations (3.20) to (3.24), the boundary conditions,































































































+ k2s,3ψ̂3) = 0 at z = −h. (3.32)
Boundary conditions can now be used to find the amplitude coefficients. Using equations
(3.20) to (3.24) and (3.25) to (3.32), a linear system is found.
Aikz,1e



































ikz,3h − F2ikz,3eikz,3h +G(k2r − k2z,s,3)eikz,s,3h + H̃(k2r − k2z,s,3)eikz,s,3h = 0
E(ρ3ω
2 − 2µ3k2r) + F (ρ3ω2 − 2µ3k2r)e2ikz,3h −G2µ3ikz,s,3k2r + H̃2µ3ikz,s,3k2re2ikz,s,3h = 0
2Eikz,3 − 2Fikz,3e2ikz,3h +G(k2r − k2z,s,3) + H̃(k2r − k2z,s,3)e2ikz,s,3h = 0


















r − ρ2ω2)eikz,2H 2iµ2k2rkz,s,2eikz,s,2H
0 0 2ikz,2e
ikz,2H (k2r − k2z,s,2)eikz,s,2H




0 0 0 0
0 0 0 0
0 0 0 0







0 0 0 0
0 0 0 0






r − ρ3ω2)eikz,3h (2µ3k2r − ρ3ω2)eikz,3h 2µ3ikz,s,3k2reikz,s,3h −2µ3ikz,s,3k2reikz,s,3h
2ikz,3e
ikz,3h −2ikz,3eikz,3h (k2r − k2z,s,3)eikz,s,3h (k2r − k2z,s,3)eikz,s,3h
ρ3ω
2 − 2µ3k2r ρ3ω2 − 2µ3k2re2ikz,3h −2µ3ikz,s,3k2r 2µ3ikz,s,3k2re2ikz,s,3h
2ikz,3 −2ikz,3e2ikz,3h (k2r − k2z,s,3) (k2r − k2z,s,3)e2ikz,s,3h
 .
Vectors x and b are
x =
[














When the determinant of matrix M vanishes, the system has singularities, which gives
the characteristic equation of the elastic sandwich problem. Because of the complexity of
the characteristic equation it is given in Appendix A.
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Solving the system directly yields formulas for coefficients A and B that are too compli-
cated for practical use. Hence, Cramer’s rule is used to define the coefficients in a way that











where det(M1(kr)) and det(M2(kr)) are computed by replacing the first or second column of













The depth-dependent solution, φ̂1(kr, z) can be used to obtain the solution φ1(r, z) using









This integral has poles when the det(M)= 0 so it will be evaluated using Cauchy’s Residue
Theorem. This gives the solution






















r are the modal wavenumbers found when solving the characteristic equation
for kr.
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3.2 Analytical Comparisons for the Source in the Fluid Layer
In this section, comparisons will be made between the solution to the elastic sandwich
problem and a parabolic equation solution developed by Metzler [13]. A recently developed
root finding program is used to numerically find the roots of the characteristic equation and
these roots are used to evaluate the modal sum [10].
Using the physical parameters in Table 3.1, with
η = (40π log10(e))
−1,
ω = 2πf,
C2 = c2/(1 + iηap,2), Cs,2 = cs,2/(1 + iηas,2), C3 = c3/(1 + iηap,3), Cs,3 = cs,3/(1 + iηas,3),
k1 = ω/c1, k2 = ω/C2, ks,2 = ω/Cs,2, k3 = ω/C3, and ks,3 = ω/Cs,3,
the roots are computed using McCollom’s algorithm. The pressure, p, in the fluid layer is
given in terms of the displacement potential:
p = ρ1ω
2φ1(r, z).
Transmission loss is a standard unit of comparison in under water acoustics that relates
relative pressure to pressure one meter from the source. The transmission loss is given by
TL = −20 log10
∣∣∣∣ pp0
∣∣∣∣,
where p0 is the pressure one meter from the source. Transmission loss is measured in decibels
in reference to 1 meter from the source (dB re 1 m).
Assuming that the source depth is zs = 90 meters, Figure 3.2 displays comparison of
the transmission loss of the elastic sandwich problem solution versus the parabolic equation
solution (PE) at a receiver depth of 95 meters. Figure 3.3 shows the comparison of the
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transmission loss of the elastic sandwich problem solution versus a parabolic equation solu-
tion for a source depth of 45 meters and receiver depth of 50 meters. A parabolic equation
solution is a standared solution in underwater acoustics which involves factoring the wave
equation into a product of incoming and outgoing operators. Only the outgoing operators
are considered. [13]
Table 3.1: Physical Parameters
Parameter Value
frequency (Hz), f 30
Seafloor Depth, H (m) 100
Ice Depth, h (m) 10
Liquid Density, ρ1 (g/m
3) 1.0
Seafloor Density, ρ2 (g/m
3) 1.378
Ice Density, ρ3 (g/m
3) 0.9
Compressional Speed Liquid, c1 (m/s) 1482
Compressional Speed Seafloor, c2 (m/s) 2290
Compressional Speed Ice, c3 (m/s) 3500
Shear speed Seafloor, cs (m/s) 1050
Shear speed Ice, cs (m/s) 1800
Compressional attenuation Seafloor, ap2 (dB/wavelength) 0.76
Shear attenuation Seafloor, as2 (dB/wavelength) 1.05
Compressional attenuation Ice, ap3 (dB/wavelength) 0.3
Shear attenuation Ice, as3 (dB/wavelength) 1.0
Using the same parameters as in Table 3.1, but changing the frequency to 40 Hz, for a
source depth of 90 meters and a receiver depth of 95 meters, see Figure 3.4. For a source
depth of 45 meters and a receiver depth of 50 meters, see Figure 3.5.
From the plot given in Figure 3.2 to Figure 3.5, it is easily seen that the solutions are
almost exact. The almost perfect comparisons show the accuracy of the elastic sandwich
problem solution. Figure 3.6 shows a color contour of the environment when the source is
located at 90 meters, the receiver is located at 95 meters, and the frequency is 40 Hz. All
other physical parameters are given by Table 3.1.
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Figure 3.2: Comparison of the elastic sandwich problem vs. the parabolic equation solution
for frequency 30 Hz, source depth 90 m, and receiver depth 95 m.
Figure 3.3: Comparison of the elastic sandwich problem vs. the parabolic equation solution
for frequency 30 Hz, source depth 45 m, and receiver depth 50 m.
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Figure 3.4: Comparison of the elastic sandwich problem vs. the parabolic equation solution
for frequency 40 Hz, source depth 90 m, and receiver depth 95 m.
3.3 Source in the Ice Layer
To further explore the elastic sandwich problem, we will move the sound source into the
ice layer. The compressional point source will be assumed to be time harmonic of the form
e−iωt, as in the previous problem. The source is located at z = zs, where −h < zs < 0. All
other assumptions will be the same as the problem with the source in the fluid layer. See
Figure 3.7.
In order to move the source into the ice, mathematically, the Green’s function will be
moved into the ice layer. This gives our potentials,
φ̂1(kr, z) = Ae
ikz,1z +Beikz,1(H−z), (3.39)
φ̂2(kr, z) = Ce
ikz,2(z), (3.40)
ψ̂2(kr, z) = De
ikz,s,2(z), (3.41)
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Figure 3.5: Comparison of the elastic sandwich problem vs. the parabolic equation solution





+ Eeikz,3(z+h) + Feikz,3(h−z), (3.42)
and
ψ̂3(kr, z) = Ge
ikz,s,3(z+h) + H̃e−ikz,s,3(h−z), (3.43)
where A,B,C,D,E, F,G, and H̃ are, again, amplitude coefficients that depend on the hor-
izontal wavenumber kr. Vertical wavenumbers, which also depend on kr, are given by
k2z,l = k
2





k2r − k2j , |kr| > kj√
k2j − k2r , |kr| < kj
for j = 2; s, 2,
where the kz,j are defined using the square root function in the complex plane.
The boundary conditions will remain the same, giving the familar system, Mx = b̂,
where M is the same matrix given above (equation (3.29)), x is the coefficient vector, and b̂
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Figure 3.6: Color contour depicting the transmission loss for the Arctic environment.
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Since matrix M is the same matrix as in the elastic sandwich problem with the source
in the fluid, the characteristic equation will remain the same whether the source is in the
fluid layer or the ice layer, and hence, the roots will also remain the same. The solution will
change because vector b̂ is different from vector b in the previous problem. Again, Cramer’s











where det(M̂1(kr)) and det(M̂2(kr)) are computed by replacing the first or second column of



















This integral has poles when the det(M)= 0 so it will be evaluated using Cauchy’s Residue
Theorem. This gives the solution






















r are the modal wavenumbers found when solving the characteristic equation
for kr.
3.4 Computed Solution for the Source in the Ice
In this section, an analytical solution to the elastic sandwich problem will be presented.
The roots for the elastic sandwich problem for the source in the fluid are the same as the
roots for the problem where the source is located in the ice.
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Again, the physical parameters from Table 3.1 will be used. Since the source is in an
elastic layer, transmission los will be related to pressure by
TL = −20 log10
∣∣∣∣p1p0
∣∣∣∣,
where p1 is the pressure in the fluid layer and p0 is the pressure at the source. Since the ice












. Assuming that the source depth is zs = −5 meters, Figure 3.8 and
Figure 3.9 displays the transmission loss for the solution of the elastic sandwich problem
where the source is located in the ice.
Figure 3.8: The transmission loss for the elastic sandwich problem when the source is in
the ice layer. The physical parameters used are the same as the parameters described by
Table 3.1. The frequency is at 30 Hz. The source is located at −5 meters, or 5 meters above
the fluid layer. The receiver is located at 25 meters.
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Figure 3.9: The transmission loss for the elastic sandwich problem when the source is in
the ice layer. The physical parameters used are the same as the parameters described by
Table 3.1, except the frequency is at 40 Hz. The source is located at −5 meters, or 5 meters




The elastic sandwich problem provides an exact solution for modeling acoustic propa-
gation in the Arctic Sea. This problem explores the situation where the sea is bounded
above by a finite-thichness elastic layer representing ice and below by an elastic half-space
representing the seafloor. The normal mode solution for the elastic sandwich problem when
the source was located in the water was presented and then bench marked against another
numerical solution. The source was then moved to the ice and a plot of the transmission
loss of the elastic sandwich problem with the source in the ice was found.
By comparing the transmission loss of the elastic sandwich problem when the source was
located in the water to that of the parabolic equation transmission loss, we can see that the
solution is highly accurate. Both methods represent exact solutions and the comparisons
are nearly perfect. Notice near the source that the two plots are slightly different. This
is a result of being close to the source and is expected. These encouraging results provide
confidence that the solution to the elastic sandwich problem when the source is located in
the ice is correct.
While working on the elastic sandwich problem, a couple of essential techniques were
used. The equations for the coefficients in the elastic sandwich problem were extremely
complicated and difficult to manipulate. In order to manipulate these coefficients, it was
noticed that Cramer’s rule was one of the only practical methods to express the coefficients.
Cramer’s rule expressed the coefficients as the quotient of the determinants of two different
matricies. This made it possible to find the inverse Hankel transform of the depth-dependent
solution. Also, many issues were found while attempting to compute the numerical solutions.
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It was noticed that the scheme was unstable unless appropriate shifts were made in the dis-
placement potentials. These shifts make it so that the entries in matrix M only contain
exponentials that decay in the evanescent regime. These shifts would also be important to
less complicated problems with multiple layers such as the elastic Pekeris waveguide prob-
lem, but the impact was not as great as in the elastic sandwich problem.
Although these shifts were essential in computing the transmission loss numerically, there
are still problems in computing the roots at higher frequencies. At 50 Hz the root finding
algorithm is only able to find one of the roots. It is believed that a more optimal shift needs
to be applied to one or more of the potentials in order to find more roots. The shifts tried
include:
φ̂2(kr, z) = Ce
ikz,2(z−H),
ψ̂2(kr, z) = De
ikz,s,2(z−H),
this shift did not help to find any other roots at 50 Hz and gave a slightly less accurate
comparison with the parabolic equation solution at 30 Hz,
φ̂3(kr, z) = Ee
ikz,3(z+h) + Fe−ikz,3z,
ψ̂3(kr, z) = Ge
ikz,s,3(z+h) + H̃e−ikz,s,3z,
using this shift found no roots when the frequency was 50 Hz. More work must be done in
order to obtain solutions at higher frequencies.
Despite the positive results of the problem, the elastic sandwich problem solution comes
with some drawbacks. The equations involved were all computed symbollically in Mathe-
matica and were extremely complicated, making root finding very expensive. It takes a good
deal of time to find the necessary roots to use in the full solution.
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Further work in this area would include finding a more efficient way to compute the roots
and final solution. Another area of interest for future work would be to explore the elastic
sandwich problem with variable sound speeds. As noted in the introduction, for simplicity,
the sound speed was assumed to be constant in the elastic sandwich problem. Varying the
sound speed is not a trivial problem and would likely have a significant impact on the results
of the elastic sandwich problem and would provide a more physically realistic representation.
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APPENDIX A - THE CHARACTERISTIC EQUATION FOR THE ELASTIC
SANDWICH PROBLEM
The characteristic equation for the elastic sandwich problem is given by Figure A.1
Figure A.1: The characteristic equation for the elastic sandwich problem.
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APPENDIX B - THE EQUATIONS FOR det(M1(kr)) AND det(M2(kr))
The equation for det(M1(kr)) shown in Figure B.1.
Figure B.1: det(M1(kr))
The equation for det(M2(kr)) shown in Figure B.2.
Figure B.2: det(M2(kr))
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APPENDIX C - THE EQUATIONS FOR det(M̂1(kr)) AND det(M̂2(kr))
The equation for det(M̂1(kr)) is shown in Figure C.1. The equation for det(M̂2(kr)) is shown
in Figure C.2.
Figure C.1: det(M̂1(kr)).
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Figure C.2: det(M̂2(kr)).
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